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Abstract 

In this paper we review some properties of higher dimensional black holes. We 
take advantages of fluid/gravity duality and obtain the fluid properties of higher 
dimensional black holes on the boundary. So we consider two neutral and 
charged blackfold cases and extract the Brown-York stress energy tensor of fluid. 
But Brown-York method does not work for all intrinsic metric in the reference 
spacetime. Surprisingly, in AAds spacetimes the expectation value of the stress 
tensor in the CFT side solves the problem. In our case the neutral blackfold’s 
spacetime is Ricci-flat. As we know, the compactification of some directions in 
any asymptotically AdS black brane corresponds to a Ricci-flat spacetime. So 
by calculating the AAdS form of that metric the dual renormalized holographic 
stress tensor has been extracted. This stress tensor is conserved and traceless, 
also it is same as perfect fluid. 

Keywords: Fluid/Gravity duality; Blackfold; Boundary stress 
tensor 


1. Introduction 

Recently a nice relation between fluid and gravity has been emerged. This 
duality comes from the gauge/gravity duality which gives an equivalence be¬ 
tween D dimensional gravitational theory and D-l dimensional quantum field 
theory. It connects asymptotically AdS geometry to the states in the field the- 
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ory side. The pure AdS bulk geometry corresponds to the vacuum state of the 
gauge theory. But deformed bulk geometry, in the way that AdS asymptotic 
properties preserves, could be corresponded to an exited state. The perturbed 
metric on the gravity side corresponds to the expectation value of stress energy 
tensor on the CFT side. In general this is the holographic principle that first has 
been proposed by Gerard’t Hooft in 1993, which is one of the most important 
subjects that is originated from the study of quantum gravity and string theory 

Near thermal equilibrium, quantum field theory describes the existence of 
a hydrodynamic regime that shows the long wavelength behavior of the micro¬ 
scopic degrees of freedom. So by acceptance of such holography, a hydrodynamic 
phenomenon can be reproduced and also the existence of fluid/gravity duality 
is proven BBS- 

One of the main difference of higher dimensional black holes with respect to 
the 4-dimensional ones is that the horizons of higher dimensional black holes can 
have at least two very different size lengths. By definition, if black holes regarded 
as a black brane (possibly boosted locally) which folded into multiple dimensions 
a blackfold is shaped. One reason that blackfolds can have at least two very 
different size horizon is that there is no bound on their angular momentum, 
although in 4-dimension the Kerr bound J < GM 2 does not admit higher 
momentum. So in blackfolds, there is two length scales which are given by, 


l M ~ (GM ) 1 / 0 - 3 


l ^ii 


(i) 


In case which lj Im , this separation suggests an effective description 
of long wavelength dynamics B. Also it may causes to the Gregory-Laflamme 
instability of blackfolds. One of the simplest examples of the theory of blackfolds 
which defines an effective theory is a black ring (as a boosted black string) [u3|. 


As the theory of classical brane dynamics 


11] explains a long wavelength 


effective theory, black branes can also take the form of a dynamic fluids that lives 
on a dynamical worldvolume. But if higher dimensional black holes regarded 
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instead of the 4-dimensional ones, then how we can extend the fluid/gravity 
correspondence? The holographic duality for Ricci-flat spacetime is one of the 
interesting dualities which recently people has been worked on. 

Many different subjects have been investigated in these grounds. For ex¬ 
ample, AdS black brane solutions correspond to conformal and non conformal 
fluid at thermal equilibrium 12, |l3] and also some relativistic expansion of 
fluid/gravity duality have been studied in 14, [l5|. Extension of fluid/gravity 
duality to spherical horizon topologies, de sitter spacetime and charged fluid are 

calculated in [l6, 17, 18, 13 , 3 , M 3 - 

Using the AdS/Ricci-flat correspondence and neutral blackfold as a Ricci- 
flat case, we extract A AdS form of a neutral blackfold in the Fefferman-Graham 
coordinate and the dual renormalized stress tensor which is a property of the 
boundary have been obtained. This paper is organized as follows. In the next 
section some properties and metric of the neutral and charged blackfolds have 
been reviewed. In section 3 the Brown-York stress energy tensor of blackfolds on 
a time-like hypersurface is extracted. Section 4 is dedicated to the calculation 
of stress tensor of the dual theory. In final section we conclude and note some 
points. 


2. General properties of blackfolds 


2.1. Neutral blackfolds 

As we know 4-dimensional black holes only have short scale dynamics (~ ro). 
But for higher dimensional black holes we see some more physical information 
and have at least two very different size horizons ro <C R. This properties pre¬ 
dicts long distance worldvolume effective theory. So for higher dimensional ones 
new methods are needed to capture the long distance ~ R ro dynamics [fj]. 
In general, brane-like objects are sources of energy momentum tensor [23]. The 
requirement of consistent coupling of source to gravity overtakes, 


= 0 


T^K^p =0 


( 2 ) 
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where /z, v are spacetime coordinates (/z, v = 0, D— 1) and p is the orthogonal 
one. K^ p is the extrinsic curvature tensor of the blackfold embedding. On 
scales r <C R, the blackfold is equivalent to a black p-brane up to a Lorentz 
transformation which can depend on position. The effective stress tensor of a 
static neutral flat black brane with orthonormal worldvolume coordinates (if the 
velocity field is u a with u a u b r) ab = — 1 and a a = ( cr°, a 1 )) is given by Q: 


T ab = r‘S(nu a u b -r] ab ) 


( 3 ) 


where er° is the worldvolume coordinates and a,b = 0,...,p. As mentioned 
before, the blackfolds can have jy —> 0, so that a flat black brane produces, and 
effective theory describes the collective dynamics of a black p-brane where it’s 


geometry in D = n + p + 3 spacetime dimension is 

p 


n, 


ds 2 v - 


p—brane 


= -(! - z ) dt2 + H dz 2 + (1 - -^) dr 2 + r 2 dtf 


n+1 


( 4 ) 


where a a = {tyZ 1 ) is related to brane worldvolume. By boosting it along the 
worldvolume, one can easily find following metric, 


ro 


TV , 71 -1 

'0 \ J„2 


ds 2 p - brane = (r]ab + —— u a u b )dcr a da b + (1-—) dr~ + r 2 dn~ n+1 (5) 

1 nr* lb L 

where ro is the thickness of the horizon. Here (p + 1) coordinates are on the 
worldvolume of the blackfold and (D — p — 1) coordinates are transverse direc¬ 
tions to the worldvolume. By taking long distance effective theory, the effective 
Einstein’s equation can be written as, 


R^ (long) - lR {lon9) Q„J lon9) = 8tt GT,J eff \ 




pv 


So the effective worldvolume stress tensor is, 

T — _ - _ ^ eff _ l,„ 

± ~ /--- Jv // IVVp+1 

Y 9(long) (long) 


( 6 ) 


( 7 ) 


As we know the quasilocal stress energy tensor is introduced by Brown and 
York 2J|. It appropriately matches the coupling of the short wavelength and 


long wavelength degrees of freedom. If D a be the covariant derivative with 
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respect to the boundary metric 7 a b, the equations of conservation of the quasi 
local stress tensor will takes the following form, 

D a T ab {quasilocal) = 0 ( 8 ) 

This is the dynamics of effective fluid that lives on the worldvolume and spanned 
by the brane. For isotropic worldvolume theory, in case of lowest derivative 
order, the stress tensor will be the same as the isotropic perfect fluid, which is 
given by, 

T ab = {e + p)u a u b + P1 ab (9) 

where e is the energy density and p is the pressure. If it doesn’t be a perfect 
fluid then the stress tensor will have dissipative terms proportional to gradients 
of lnro, u a , 7 ab . For stationary spacetimes the effect of dissipative terms vanish. 
By definition = h p X v where is the background covariant derivative 
and h tlv = d a X^d b X Vr y ab and X M is the embedding function. Because of the 
consistent coupling of worldvolume to the long wavelength gravitational field 
g pv the stress tensor must obey, 

V J' 1 '’ = 0 (10) 

The D equations in (10) separate into D—p—1 equations in directions orthogonal 
to W p +1 and p + 1 equations parallel to W p + 1 , which are given by, 


= 0 


D a T ab = 0 intrinsic equation . 


extrinsic equation , 


( 11 ) 


2.2. Charged blackfolds 

In supergravity and low energy limit of string theory, black branes have 
charges. So for higher dimensional cases, effective worldvolume theory for such 
charged branes is regarded. One of the best choices is black p-branes that carry 
charges of Ramond-Ramond field strength type F( p + 2 ) ■ The charged dilatonic 
black p-brane solution of action is 
1 


251 , 


/ = 


107tG 


J dx D \/~^g(R — i(<9 </>) 2 - 


1 


2(p + 2)! 


^Ff p+2) ) 


( 12 ) 
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where 


n = D — p — 3 


(13) 


_ 4 2(p + 1 )n 

a ~N D -2 

The flat black p-brane solution reads, 


ds 2 = 77 ^ (- fdt 2 + Y^ dz i 2 ) + (f~ 1 dr 2 + r 2 dfl 2 n+1 ) (14) 

2=1 


e 2 ^ = 77 aJV , A p+ \ = VN coth a(H 1 — 1 )dt A dzi A ofe... A dz:■ 


v > 


H = 1 


ro™ sinh 2 a 


/= 1 - 




(15) 


r r 

where sinh a related to the boost of the blackfold which is a Lorentz transfor¬ 
mation of some of directions of p-brane. As a 2 < 0, the parameter N is not 


arbitrary and there is, 


1 1 

N<2(- + —) 


(16) 


K n p + 1' 

In string/M theory, N is an integer up to 3 (when p > l)that corresponds 
to the number of different types of branes in an intersection. In this case the 
effective stress tensor can be written as, 


T ab = Ts(u a u b - - 7 ab ) - QpQp'Yab 


(17) 


where r is temperature and s is entropy and is the potential that measured 
from the difference between the values of A p+ \ at the horizon at r —> oo in (15). 
As one can see, the relation (17) surprisingly has a brane tension component 
—$> p Qp and a thermal component ts. It must be noted that, blackfolds with 
p-brane charges do not have open boundaries; as the charge Q p would not be 
conserved at boundaries. So it is possible to consider that blackfolds end on 
another brane that carries appropriate charge. 


3. Brown-York stress energy tensor 

3.1. Charged blackfolds 

In the fluid/gravity duality, essential physical properties of field theory side 
are mentioned by boundary stress tensor. As we know the Brown-York stress 
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energy tensor [3] > which is induced by the bulk geometry, can be obtained by 
finding an appropriate hypersurface in the bulk. The bulk metric described by 
(14). Hypersurfaces can be obtained by constraining independent coordinates 
of spacetime. The time-like hypersurfaces play important role for causality 
relations between different coordinates. The hypersurface considered here is 
defined by: 

r = r c , (18) 


As we know, vectores perpendicular to a time-like hypersurface are space¬ 
like and connects time-like hypersurfaces. In that case, the Brown-York stress 
energy tensor 22] is defined by: 


Tab = ^(Kjab — K a b), 


(19) 


where j a b is the induced metric on the time-like hypersurface and K a b is the 
extrinsic curvature of the bulk. This can be determined by, 


Tlpd^ Tlir^ , 


n\ is the unit normal vector to the hypersurface, 

0,A 


n a = 




( 20 ) 


( 21 ) 


6 / \ 
a„ = n n v -e ■ (22) 

and <f> in the (21) is the equation of hypersurface. In case r = r c , <j> just depends 
on r. The charged dilatonic blackfold (14) is, 


ds 2 p-brane — Adt Bdzi Cdr 2 -f- Fotdijj 2 a (^3) 


and 


a = - (1 + v2t±_e: (i-rsl), 

v j.n ' v j>n '' 


B={ 1 + 


ro n sinh 2 a -»■ 


C = (1 + ^ Slnh Q )^(l - ^)-! 

' y>n ' ' j.n ' ’ 


(24) 


F'a — FDt-i?i ^ex) • 
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This metric is diagonal, so the inverse matrix can be found easily. For such a 
metric it is tried to determine the extrinsic curvature (20). In order to obtain 
the extrinsic curvature, one can arrange the n\, n 8 and a u as, 


n\ = VC5\ , 

n e = VCg 8r , (25) 

a v = n e (n Vj e - T r vB VC). 


So, by using the equation (25) into equation (20) one can obtain the correspond¬ 
ing extrinsic curvature as, 


= -5^5/^= + CVCS^g rr T\ r - + VCT\„ (26) 

By calculating the Christoffel symbols the nonvanishing components of extrinsic 
curvature for that geometry are given by, 


Ktt 


A, r 

2 VC 


K, 


B t r 

2 VC 


K. 


'Ipa'lpot 


2 VC 


(27) 


On the other side, the induced metric "f a b on the time-like hypersurface is, 


ds 2 \ r — rc = A c dt 2 + B c dzi 2 + F ac dip 2 a , (28) 

The trace of the extrinsic tensor can be written by following equation, 


A = AW " = i 7u 1 X + ”b, 


-1 r Ar B r V^F, 


E 1 a,r ^ 

~F 

a=l rQLC 


(29) 


where p is the number of spatial coordinates of worldvolmne of blackfold. So 
the Brown-York stress energy tensor can easily be constructed. For the case of 
D/NS-brane in type II string theory 23] we have, 


£> = 10 , N= 1 , p = 0,..., 6 


(30) 


Following the definition, 




F — 

ry — 


F n 


F n 


( 31 ) 
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in case of p = 5 brane (n = 2), the nonvanishing component of Brown-York 
tensor on r = r c are, 


T tt = -^={[A + 5B + F, + F 2 + F 3 ]A c 


Tu = -^={[A + 5B + Fi + F 2 + F 3 ]B c - 


T aa = ^{[A + 5B + Fi + F 2 + F 3 ]F ac 
One can easily check that there is a trace anomaly here. 


' A,r} j 

(32) 

' B <r } , 

(33) 

- Fa,r}- 

(34) 


3.2. Neutral blackfolds 

The case of neutral blackfold has been reviewed in the section 2 and the 
appropriate metric found to be the equation (4). Here the method is the same 
as the last subsection, and we only present p = 5 brane which characterized by 
the metric, 

ds 2 = Adt 2 + Bdz 2 + Cdr 2 + F a d^ 2 a (35) 


and 


A = —(1 — ~ 2 ')> 


B = 1, 

c'=(i-^r i , 

r Z 

F a F a (r, ifj a ). 


(36) 


The method is straightforward and the nonvanishing components of stress tensor 
for neutral blackfold at r = r c is, 
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(39) 


Tee 


-r c 2 ( 1 





T 00 = sin 2 9 T gg , 


(40) 


= sin 2 <j> T^. (41) 

Like the charged blackfold, this stress tensor also have trace anomaly which 
shows that the corresponding lagrangian is not invariant under conformal trans¬ 
formation. It can be seen easily that this quasilocal stress tensor is also con¬ 
served. 


4. Dual theory for neutral blackfolds 


As the Brown-York method does not work for all intrinsic metric in the 
reference spacetime, it is not generally well defined. So in this section, we 
calculate the renormalized holographic stress energy tensor {3, G3] for the case 
of neutral blackfolds. Although holography is expected for non AdS asymptotics, 
such as nonrelativistic dualities, it is very well understood for asymptotically 
locally AdS spacetimes [l]. For every AAdS spacetime the expectation value of 
the dual CFT stress energy tensor is defined as: 

2 SSrp.n 


, rpCFT . 

< j- ab >— — 


V~9(o) Sgfa 


(42) 


<7(o) is the metric on the boundary and S ren denotes the renormalized bulk 
action. In this case counterterms have been added to remove the volume di¬ 
vergences. We take advantages of Fefferman and Graham [29( and obtain an 


asymptotic solution of Einstein’s field equations with conformal structure. The 
corresponding solution is given by, 


ds 2 = ( ~a ~~2 + ~ 9 ab{x,p)dx a dx b ) 

4 p z p 


( 43 ) 


where a, b = 1,..., D — 1 , d = D — 1. And 
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g(x,p) = g ( o) + ... + p 2 g( d ) + V)^ 2 logP+ ... 


(44) 


the coefficient h(d) is present only when d is even. We will follow along the 


same line done in 


30] and determine the explicite form of the dual renormalized 


holographic stress tensor, 


, rpCFT . _ 
< j ab >~ 


dl 


-\ 9 (d) ab + x {d) ab ) 


16tt G N ^ a)ab ' ~ (45) 

where ab depends on the dimension. It’s form for all odd d is presented in 
and for even d it vanishes, 


X^ 2k+1 \ b = 0 


(46) 


Now we try to find the dual renormalized stress tensor for the neutral black- 
folds. As we know the metric (4) is Ricci-flat and there is a very nice connection 
between AdS black brane (which some of it’s coordinates are compactified) and 
Ricci-flat spacetime |3l|, |32|. So one can find AAdS form of that metric, the 
Schwarzchild black p-brane in D = n + p + 3 dimension has the form: 

-l 


^ 2 o = -( i -^ 2 + E ^ 2 + ( 1 -5r) dr 


ro_ 

j,r\ 


l d£l* 


n+1 


(47) 


So the required components are given by: 
ds 2 p+2 = -(1 - -^r)^dt 2 + E 72 dz * 2 + ( X _ ^2 dT ~ 2 + 


0(p,x) = (n+p+ l)ln(-). 


(48) 


By changing n -n- —d , the AdS form of (47) which is a planar AdS black brane 
with l = 1 (in d + 1 dimension) is as follows, 

1 


ds 2 A — y(l--r)dt 2 d— n(dz 2 + dy 2 ) + 


-dr 2 , 


(49) 


ror‘ 

\ rQ d j 

This metric is the AdS black brane and the Fefferman-Graham coordinate (43) 
is the best form for this theory to find the dual stress tensor. In order to do 
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that, we must extract the relation between r in (49) and p in (43). So we have, 


_I_ dr 2 = d A 

- 2 ( l-£) V 

then, 

(L)d = 

[ r 0 (pi+ 1) 2 

The corresponding two important functions will be: 


(50) 


(51) 


1 

^2 



/ d .4 

(p 2 +l) d , 


(52) 





/ d 4 

(p 2 + l) d 


-2/d 


G p d 


2p4l), 


(53) 


Consequently the AdS black brane in Feffernran-Graham coordinate take the 


following form, 


ds 2 a = - „ 1 , (p 2 + l) d 2 (p d — 2p% +l)dt 2 + \ {pi+l)*[dz 2 +dy 2 } + ^ 


r o Ad P 


r o 4d P 


92 
4p 2 
(54) 


In the case of D = 10 — > d = 9 , the asymptotically AdS metric can be 

brought into the following geometry near the boundary (p = 0), 


,2 1 ,32 9 494 „ , , 

ds "a — 2 2 (i— /rP 2 +~^rP +—)dt+- 

p y ol 


^4«p 


(l+-p 2 -—p 9 +...)[dz 2 +dy 2 ]+ 


dp 2 
4p 2 


(55) 

By using the relation (44) one can obtain the explicit form of the metric coeffi¬ 
cients which are given by, 


9(0) = 

diag( 1,1,. 

7q49 

-,1), 

(56) 


1 .32 4 

4. 

(57) 

9(9) = 

2,2 diag( , 
rg4s 9 9 

9^’ 


Finally the dual stress energy tensor in terms of relation (45) is 


< T 


CFT 


b > — 


167rGjv 


(d(9) ab + x{9} ab) 


9 

167rGiv 5(9)afc 


(58) 
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This stress tensor can be checked formally as a conserved and traceless quantity. 
It is traceless because the conformal anomaly evaluated for global AdS vanishes. 
If the metric (55) be locally boosted, it takes the form, 


ds z = — - 


Tq4:9P 


. 9. 504 q n 7 h 

(4p 2 -——p ) +...)u a Ubdx dx b + 


1 ,, , 4 £ 10 9 

a |1 v «'■ 


Then, 


9(9) 


ab 


1 4 4 

2 { / ^ u a u b ’> •••5 

rn4s 9 9 


- • • •) [r)abdx a dx b +dy 2 } + ^ 

(59) 


(60) 


So the renormalized holographic stress tensor takes the general representation: 

9 r 1 , . 4 


, rpCFT . 

< J ab > — 


IQttGn Vq45 


(4u a u b + - rj ab )] . 


(61) 


The boundary metric is conformally flat and the extracted stress energy tensor 
takes the ideal conformal fluid form in 9-dimensional spacetime. Comparison 
of (61) by (9) concludes the pressure and energy density of this blackfold such 
that: 

1 8 

P TH 9 ’ £ ~ Til ~ri 2 ‘ (62) 

4 9 nGNrQ 4 9 'kGn'Tq 

It also proves that the resulted stress tensor (which determine the boundary fluid 
and comes from the duality of gravity and fluid) is conserved and traceless. 

For non AAdS spacetime we can not use the represented method, because 
the holographic principle is not very well understood for them. Hopeful this 
method be extended such that it be consistent for more spacetimes. 


5. Conclusion and outlook 

In the covariant theory, the local energy momentum density of the gravita¬ 
tional field is not prevalent. Instead, a quasilocal stress tensor can be defined 
on the boundary of spacetime. But resulting stress tensor may diverge when 
the boundary goes to infinity. In order to solve this difficulty one can add an 
appropriate boundary term to the action which is completely relevant. 

Brown and York proposes a method to remove divergences. But it does 
not work for all intrinsic metric in the reference spacetime, so the Brown-York 
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procedure is not generally well defined. Fortunately in AAdS spacetimes one 
can overcome to this problem. As gravitational action of the bulk corresponds 
to the quantum effective action of a conformal field theory on the AdS boundary, 
the expectation value of the stress tensor in the CFT solves the problem. 

In this paper we considered the metric of charged and neutral blackfold and 
obtained the boundary stress tensor. As the induced Brown-York stress tensor 
is conformally flat, the holographic stress tensor should be conformal to Brown- 
York stress energy tensor. For the case of neutral blackfold which it’s metric 
is Ricci-flat, by applying the AdS/Ricci-flat correspondence, we fined the cor¬ 
responding AAdS form for it. Then for D = 10 the renormalized holographic 
boundary stress tensor extracted. As we expected, the results show that the 
corresponding stress tensor are conserved and traceless. In that case there is 
not any conformal anomaly for the pointed theory that proves the lagrangian of 
the neutral blackfold is invariant under conformal transformation. Also it takes 
the form of ideal fluid with determined energy density and pressure. 
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